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Recently in Ref.[1] it was demonstrated that the efficiency of the energy transfer from the drive
bunch to the witness bunch in the plasma wakefield accelerator has a limit due to the BBU instability
of the witness bunch. It was stated that the efficiency-instability relation is universal and thus
should be considered as a fundamental limit. In this note, we show that recent results on the short-
range wakefields indicate that this relation should be modified and conclusions of Ref.[1] should be
reconsidered. In particular, we argue that the efficiency-instability relation produces only the lower
bound for efficiency and thus does not produce a fundamental limit.
I. BRIEF STATEMENT
It is suggested that the efficiency-instability relation
derived in Ref.[1] should be reconsidered as far as the
derivation that was provided by the authors heavily relies
on certain approximation to the short-range wakefields
produced by the witness beam in a plasma cavity. As it
is shown below, expressions for the wake potentials have
to be modified to be consistent with the Ref.[2, 3] that the
authors relied on, but what is more important is that all
equalities that involve wake potentials, namely Eq.(19),
Eq.(20), Eq.(21), Eq.(22) and Eq.(23) of Ref.[1] should
be replaced with inequalities such that wake potential on
the left-hand side is always less than the exact expression
that the authors used.
In Ref.[3] it was shown that the expression for the wake
potential used by the authors is the upper bound for the
real wake potential in the case of accelerator structures
and probably any net-neutral channel. Consequently,
what the authors presented is not necessarily extendable
to any wakefield accelerator, as the authors suggest in
the text. For the case of the plasma bubble, recently
in Ref.[4] G. Stupakov showed that expressions for the
short-range wakefields in the plasma cavity used in the
paper are the upper bounds of the real wake potentials.
Consequently, the final efficiency instability relation
should be modified approximately as follows
ηt .
η2p
4 (1− ηp)
, (1)
where we use . to indicate that the final form of this
relation should be modified because the expression for
the transverse wake potential should be updated for the
case considered by the authors of Ref.[1].
It turns out that Eq.(21) of Ref.[1] for the transverse
wake potential is inconsistent with Ref.[3] and Panofsky-
Wenzel theorem. The correct formula is presented below.
Thus, the right-hand side of the Eq.(1) has to be modified
to account for the new expression.
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This comment is organized as follows: first, it is
demonstrated that Eq.(17) of Ref.[1] is not a known
theorem, and in general case contradicts the results of
Ref.[2] that the authors rely on. Next, it is demonstrated
that the expression for the longitudinal and consequently
transverse wake potential that is derived in Ref.[2] have
to be considered as upper bounds, and consequently the
relation between the efficiency and instability in the sug-
gested model should be modified to resemble the inequal-
ity in Eq.(1).
II. SHORT RANGE WAKE FIELD THEOREM
One of the important steps in the authors’ derivation
is the application of the so-called short-range wake theo-
rem. They reproduce it in the Eq.(17) of the Ref.[1]
Wr ≈
2r0
r2b
ξ∫
0
W‖(s)ds. (2)
Here r0 is the displacement of the beam from the center.
In the notations of Ref.[1] transverse wake potential is
a scalar, so it is safe to assume that the authors refer
to the radial part of the wake potential that kicks the
beam towards the boundary thus we adopt the follow-
ing notation Wr/r0 ≡ W⊥. It is worth to mention that
authors refer to W⊥ and W‖ as just wake potentials, so
it is assumed that W⊥ = W⊥(r, r0, φ, φ0, s) as well as
W‖ = W‖(r, r0, φ, φ0, s)
To justify this equation, the authors refer to the Ref.[2]
and references therein. It is worth noting that neither
Ref.[2], nor any of the reference cited in Ref.[2] contain
this particular expression. In fact, Eq.(2) is in contradic-
tion with the result of Ref.[2] (see Eqs.(13), (14) and Ta-
ble 1 of Ref.[2]) and overlaps with the result of Refs.[2, 3]
only in a very specific case.
Indeed, let’s consider Panofsky-Wenzel theorem (see
for example [5–7])
∇W‖ =
∂W⊥
∂ξ
. (3)
2Here in contrast to what is introduced by the authors
W⊥ is a vector and represents a full transverse wake
potential as defined in [6, 7].
In polar coordinates the nabla operator is given by
∇ =
(
∂
∂r
,
1
r
∂
∂φ
)
, (4)
with this Eq.(3) takes the form
∂W‖
∂r
=
∂Wr
∂ξ
, (5)
∂W‖
r∂φ
=
∂Wφ
∂ξ
. (6)
Here Wr and Wφ are the radial and azimuthal compo-
nents of the transverse wake potential. If one considers
a pencil beam, then the instability is caused by the ra-
dial component of the wake potential and Eq.(6) could
be omitted from consideration.
We integrate Eq.(5) and arrive at
Wr =
ξ∫
0
∂W‖(s)
∂r
ds. (7)
By comparing Eq.(2) with Eq.(5) we conclude that for
the Eq.(2) to be consistent with the Panofsky-Wenzel
theorem the following equality should hold
2r0
r2b
ξ∫
0
W‖(s)ds ≈
ξ∫
0
∂W‖(s)
∂r
ds. (8)
To proceed further we consider the case of a vacuum
channel and retarding material that is the basis of the
model from the Ref.[2]. First we set ξ = 0+ - a positive
limit to zero, then Eq.(8) reduces to
2r0
r2b
W‖(0
+, r) ≈
∂W‖(0
+, r)
∂r
. (9)
The solution to the equation above reads
W‖(0
+, r) ≈W‖(0
+, 0) exp
[
2rr0
r2b
]
. (10)
We note that if Eq.(2) is a general theorem, then the
corollary Eq.(10) is in contradiction with the result of
[2, 3] where it was shown and illustrated by simula-
tions that when the particle that generates the wake
is at the point ω0 = r0 exp(iφ0), the expression for
the longitudinal steady-state wake potential at the point
ω = r exp(iφ) reads
W‖(0
+, r) =
4L
r2b
Re [f ′(ω, ω0)
∗f ′(ω0, ω0)] , (11)
where L is the interaction length and f is the conformal
mapping function that maps the region of interest (vac-
uum channel cross-section) onto a unit disk such that
the point ω0 corresponds to the center of that disk. It
is worth noting that corollary Eq.(10) contradicts known
results on a longitudinal wake potential in a resistive wall
round pipe that could be found for example in Ref.[6].
Thus, equation Eq.(10) is not general and consequently
the initial theorem Eq.(2) is not general as well. The lim-
ited applicability of the theorem Eq.(10) calls into ques-
tion the generality of the result that the authors claim.
It follows from Ref.[3] that in the case when the channel
is circular and the particle that generates the wakefield
is point-like in transverse dimensions and displaces along
radius by r0 Eq.(17) at φ = φ0 = 0 reduces to
W‖(0
+, r) = W‖(0
+, 0)
r4b
(r2b − rr0)
2
(12)
with W‖(0
+, 0) = 4L
r2
b
.
It is apparent that even in the case of the cylindrical
channel corollary of theorem Eq.(2), it is still inconsistent
with the result of Ref.[2, 3]. There is only one approxi-
mation r = r0 and r
2
0/r
2
b ∼ 0 when both formulas match.
We reiterate that this is true only at one specific point
r = r0 - the location of the bunch.
III. UNIVERSALITY OF THE WAKE
POTENTIAL
The second important assumption of the Ref.[1] is that
in the case when the bubble has a perfect, circular cross-
section, the expression for W‖(ξ1, 0) for a point witness
particle inside the bubble could still be calculated using
the universal formula
W‖(ξ1) =
4L
rb(ξ1)2
. (13)
Here rb is the bubble radius and ξ1 is the longitudinal
position of the witness particle inside the bubble.
It was mentioned in Ref.[8] based on Ref.[4] that this
expression might not be applicable in a plasma bubble.
While in general, this expression is indeed not correct,
as was shown Ref.[4], under certain assumptions it still
holds, but what is more important that it always holds
if the = sign is replaced with the ≤ sign. This fact for
structures and hollow plasma channels explicitly follows
from the Relativistic Gauss theorem [2] and for the case
of the plasma bubble from the analysis of the Ref.[4].
Indeed, we consider Eq.(30) of Ref.[4] (note that there
is a misprint in the original paper [9])
W‖(ξ1) =
4L
r˜2b
∆Eˆz(rb)
2/r˜b +∆Eˆz(rb)
. (14)
Now if the normalized bubble radius r˜ = kprb ≫ 2 that
corresponds to the case when the real bubble radius is
significantly larger then the plasma wavelength, the ex-
pression above could be decomposed into a series and one
3arrives at
W‖(ξ1) ≈
4L
r˜2b
(
1−
2∆Eˆz(rb)
r˜b
)
. (15)
As long as ∆Eˆz(rb) ≥ 0, we conclude after converting
everything back to CGS units that
W‖(ξ1) ≤
4L
rb(ξ1)2
. (16)
From this simple consideration we see that Eq.(13) gives
the upper bound for the longitudinal wake potential and
converges to an exact solution in the limit of the bubble
radius much large then the plasma wavelength. So we
observe that Eq.(13) may overestimate the wake poten-
tial. This fact is explicitly illustrated in the end of the
Ref.[4], where a numerical comparison between Eq.(13)
and the exact calculation is presented.
It is important to mention that the considerations of
Ref.[4] have only one assumption, namely that the lon-
gitudinal beam size has to be significantly less than the
plasma wavelength. The charge of the witness as well as
the size of the bubble could be chosen arbitrarily.
Therefore, two main conclusions are to be made. Fist
- the initial equation Eq.(13) in Ref.[1] should be substi-
tuted with the inequality Eq.(16), and this inequality is
universal.
Second, we observe that we can slightly modify the
formalism of Ref.[3] to calculate the upper-bound for the
longitudinal wake potential in the bubble of arbitrary
shape, as now the bubble can be considered as a cav-
ity with a curved boundary that is propagating with the
beam. Consequently,
∂W‖(ξ, ω)
∂ξ
≤
4Lρ(ξ)
r2b
Re [f ′(ω, ω0)
∗f ′(ω0, ω0)] . (17)
As it was shown in Ref.[3] in the case when the channel
is circular and the particle that generates the wakefield
is point-like in transverse dimensions and displaced along
radius by r0 Eq.(17) reduces to
∂W‖(ξ, r)
∂ξ
≤
4Lρ(ξ)
r2b
r4b
(r2b − rr0)
2
. (18)
Here we assumed φ = 0 and thus omitted dependence on
the polar angle for brevity. Differentiating Eq.(18) and
combining the result with the Panofsky-Wenzel theorem
(5), we arrive at
Wr(ξ, r) ≤ 8L
ξ∫
ξ1
ds
s∫
ξ1
ds˜
ρ(s˜)rb(s˜)
2r0
(rb(s˜)2 − rr0)3
. (19)
If we assume r = r0 and r0 ≪ rb(ξ), then the equation
above simplifies to
Wr(ξ, r) ≤ 8L
ξ∫
ξ1
ds
s∫
ξ1
ds˜
ρ(s˜)r0
rb(s˜)4
. (20)
We note that inequality above holds only for very small
displacements. To get a proper estimate one should pro-
ceed with Eq.(19) because the condition r0 ≪ rb(ξ) will
not be satisfied near the end of the bubble.
IV. DISCUSSION
The efficiency-instability relation is universal if the
equality presented in Ref.[1] is replaced with an inequal-
ity. This dramatically affects the conclusion of Ref.[1]
on fundamental limitations, as now the efficiency is not
bounded from the top it is bounded from the bottom.
There is no fundamental limitation.
Indeed if one consider definition of the instability pa-
rameter and a pencil beam with vanishing transverse size
then
ηt = −
Ft
Fr
≤
Q
2pin0|e|r0
Wr(r0, ζ)
L
(21)
with Ft - the deflecting Lorentz force of the wakefield
and Fr - the ion focusing force. One immediately observe
that if Ft is replaced by it’s universal expression given by
Eq.(18) then the right hand side will always be greater
then ηt. As far as further derivation that authors preset
is based on approximate evaluation of the right hand side
the final connection between ηt and ηp is an inequality.
The exact expression for this inequality relation should
be rederived in order to be consistent with Refs.[2, 3].
Namely, the expression for the transverse wake poten-
tial has to be modified according to Eq.(19), or at least
Eq.(20). If this is accomplished, approximating the
transverse wake potential by Eq.(19) or Eq.(20), the re-
sulting relation has to be an inequality of a type
ηt ≤ f(ηp). (22)
It produces a lower bound to the efficiency ηp in the case
when f(x) is a polynomial (or when the polynomial is an
upper estimate for the f(x)) of a degree n ≥ 1.
It is important to note that modification of the bubble
radius with an effective bubble radius reff = rb + αkp as
was suggested partially by the authors in Ref.[1] and was
considered in Ref.[4] is empirical as it contains a free con-
stant α and thus could not be considered as a rigorously
derived theoretical expression. In contrast, the use of the
exact bubble radius is rigorous as follows from the con-
siderations of Refs.[3, 4] but this implies that universal
expression for the wake potential is an inequality (16).
It is worth to mention as well that according to the
Panofsky-Wenzel theorem and Eq.(18), if rb is replaced
with reff then in Eq.(19) and Eq.(20) exactly the same
substitution have to take place. This prohibits the use
of different α parameters for longitudinal and transverse
wake potential.
The model and efficiency-instability relation as intro-
duced by the authors could be used in certain cases as
a good estimate, but it does not provide a solid and rig-
orous proof of a general fundamental limitation. While
4this limitation may indeed exist, it is still yet to be found and proven.
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